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Abstract

The Fourier restriction norm method (X** spaces) introduced by Bourgain in 1993
has been highly influential in the study of dispersive partial differential equations
and harmonic analysis. This method mainly takes advantage of the space-time
frequency localisation of solutions to dispersive partial differential equations on
the torus. Through this, multilinear estimates can be reduced to discrete counting
problems, allowing well-posedness results to be obtained (existence, uniqueness,
stability under perturbation of solutions).

We study the local-in-time well-posedness problem for the cubic nonlinear
Schrodinger equation on the torus, in one and two dimensions. We first establish
the general methodology in the Euclidean setting, which we then adapt to the
torus following methods introduced in Bourgain’s seminal 1993 work. We also
remark on the literature and recent well-posedness results for the cubic nonlinear
Schrodinger equation.
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Chapter 1

Introduction

We consider the Cauchy problem for the nonlinear Schrédinger equation (NLS):

{iat“+A“:N(“) wiRx M4 C (NLS)

ult:O = Uo,
where M =R or M =T :=R/(2rxZ), and
N(u) := £|ulP~u

with p € N an odd number. A negative nonlinearity enforces a focusing regime,
and a positive one enforces a defocusing regime, although for the majority of our
discussion we will not make such a distinction.

The Cauchy problem (NLS) appears in many areas of physics, including the
study of nonlinear optics and fluid dynamics. It is part of a larger class of disper-
sive partial differential equations, which includes the Korteweg—de Vries (KdV)
equations and several variants thereof. Dispersive equations have been extensively
studied, both from an applied and a theoretical point of view. The main problem
we consider is of well-posedness. We wish to show that solutions to the Cauchy
problem (NLS):

e exist for given initial data ug € X,
e are unique for any ug € X, and that

e the solution map ug + u is continuous with respect to initial data, or in
other words, the solutions have stability under perturbation to initial data,

where X is some function space. If the above conditions are satisfied for some
local time interval ¢ € [0,7] where 0 < T' < 1, then we say that (NLS) is locally
well-posed in X, and if these conditions hold for all ¢ € R, then we say that (NLS)
is globally well-posed in X. If well-posedness does not hold, then we say that
(NLS) is #ll-posed.

Multilinear harmonic analysis has been fundamental to the theoretical under-
standing of dispersive equations. There is a body of work by Kenig-Ponce-Vega
developing this methodology in the 1980s and the 1990s, mainly on KdV-type
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Fourier Restriction Norm Method 2

equations, see for instance [18, 19, 20, 21]. These methods are mainly applicable
in the Euclidean setting (x € RY). A major breakthrough in the study of dispersive
equations came around this time with the introduction of the Fourier restriction
norm method by Bourgain in 1993 [3]. In this paper, many well-posedness results
were established for both (NLS) and KdV-type equations through multilinear es-
timates in the periodic setting (z € T?). We will be considering some of these
results concerning (NLS). It is worth noting that the modern form of Fourier
restriction norm spaces introduced in [3] had precursors in [1, 23, 26].

The Fourier restriction norm method has been widely influential, leading to
many well-posedness and ill-posedness results through similar methodology [6,
12] (see Chapter 8 for a more detailed discussion). See also [31] for a systematic
study of multilinear estimates using Fourier restriction norm spaces for dispersive
equations. The method also has connections to some of the major problems in
harmonic analysis, primarily in restriction theory and maximal functions [24, 29,
34], see also [9].

We wish to present some of the major results in [3]. We will work exclusively
with the nonlinear Schrodinger equation (NLS) on the torus T¢ where d = 1,2,
with a focus on the cubic nonlinearity (p = 3). However, most of the methodology
we will employ is applicable to other (dispersive) partial differential equations,
such as KdV-type equations, and a general discussion of these methods can be
found in, for instance [32]. In particular, we will prove the theorems:

Theorem 1.0.1. The cubic nonlinear Schridinger equation is locally well-posed
in L*(T).

Theorem 1.0.2. The cubic nonlinear Schrodinger equation is locally well-posed
in H*(T?) for s > 0.

We will prove Theorem 1.0.1 in Chapter 6 and Theorem 1.0.2 in Chapter 7.
Leading up to this, we will discuss preliminaries in Chapter 2, prove local well-
posedness in the high regularity setting in Chapter 3, and establish the framework
of Strichartz estimates along with some well-posedness proofs on R? in Chapter
4.



Chapter 2

Preliminaries

We begin this chapter by introducing some notation. As we will not mind con-
stants in inequalities, we introduce the following:

e We will write X < Y to mean X < ¢Y for some constant ¢ > 0 not
dependent on X, Y. If the implicit constant is small, that is 0 < ¢ < 1, then
we may write X < Y.

e We may index the symbol < to denote that the implicit constant is depen-
dent on some quantity or function. For instance, floo P <, 1 forp> 1.

o If X <Y, wemay write X = O(Y'), in which case Z+ X = Z 4+ O(Y).

o If X <Y and X 2 Y, then we write X ~ Y.

We are interested in analysing the NLS on the torus T?, where T = R/(27Z).
We define the Schwartz space S(M) where M = R? or T? as the space of smooth
functions f : M — C such that

|20 f(x)|| 1 < o0, for all multi-indices o € N, 8 € Z<,,.

Here, we write 2% = " ...x3" and 9] = 92" ...00. We may similarly define
S(Z%) as the space of functions f : Z¢ — C such that

(14 [n))*fle < 00, for all multi-indices a € N.

If f €S, then we say f is Schwartz. When referring to function spaces, we will
oftentimes index them with the relevant time or space variable.

Denoting M = R or T, and R = R, T = Z, the Fourier transform is an
operator F : S(M?) — S(M?), defined by

FN© = &= | flaye ™ da,  geR,
~ 1

or  F(f)(n)=f(n):= @) S (z)e ™" dx, n ez

We denote by € if continuous, or n if discrete, the spatial frequency variable, and
by 7 the temporal frequency variable. When we perform a Fourier transform in the
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space and/or time variable, we will index the operator F accordingly or otherwise
make it clear from the function’s arguments. For instance, if v : R x T — C,
then

Fo(u(t,-))(n) =u(t,n), Fio(uw)(m,n) =u(r,n).

The Fourier transform is an invertible operator, with the inversion formula

F@) = gz [ F@5ds o pw) = 3 Fmyen,

nczd

for f € S(RY) or S(T?), respectively. We will, unless relevant, omit the factor
@ appearing in the Fourier transform or its inverse for brevity. Formally, we are
absorbing this factor into the implicit constant ¢; in whichever relevant bound.

By a standard density argument, the Fourier transform can be extended to a
unitary operator between the appropriate L? spaces. This unitary property we
call Plancherel’s identity. We will make use of other standard identities of the
Fourier transform, such as

fg=1Fxg
for f,g € S, or more generally f,g € L?. For proofs of these identities and a more
general discussion on the Fourier transform, see [10].

For s € R, we define the L2-based nonhomogeneous Sobolev space H*(R?) as
the completion of S(R?) with respect to the norm

~

| £l s may := [1{€)® £ ()| 2(Ray,

where (-} := (1 +|-|?2. The definition of H*(T?) is similar. We also have the
homogeneous L2-based Sobolev spaces H® defined in the same way, only changing
from the Japanese brackets (-) to the usual | - |. We may define more general
LP-based Sobolev spaces in this way also, and we denote by W*? and W*? the
homogeneous and nonhomogeneous variants. It is easy to see that H** C H*® if
and only if s; > s5. We also have the Sobolev inequality, which states that

1fllza S 11 f llvirsa (2.0.1)

1

for1<p<q<oosuchthat§:p 1

pt where d is the dimension of the

underlying space R? or T¢. The inequality above is equivalent to the following
Hardy—-Littlewood—Sobolev inequality:

1
H| E * fllee SN Fllze (2.0.2)
x|p

for 1 < p,q,r < oo such that % +1= i + %, and d is as earlier. These identities
and their proofs are found in [11, Chapter 6]. See also [2].
The Sobolev spaces defined above are motivated by the behaviour of derivatives
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under the Fourier transform. For instance, on R we have

-~

F(O7N)(&) = (i6) f (&)

for a« € N. By viewing differential operators as Fourier multipliers, we can define
fractional derivatives by allowing « to be fractional. Thus, it is natural to write

[z = 1[{0)" 2

So, we may heuristically view the statement f € H? as 95 f € L2. In other words,
s is some smoothness parameter. We are primarily concerned with the mixed
norm space CrHS([0,T] x M?) = L H:([0,T] x M%) where M = R or T, which
is defined for a given 0 < T" < 1 with the norm

[ llerms = sup |[f(2-)]

t€[0,T

We also review some important lemmas that allow us to interpolate between
inequalities:

Lemma 2.0.1 (Log-convexity of LP norms). Let f be a measurable function, and
for1 <g<r<ooand0 <0 <1, let p be defined by

1 1—-6 ¢
= 4+
p q r

Then,

1llze < I AN

The above lemma is a direct consequence of Holder’s inequality and can be
viewed as a special case of the lemma below:

Lemma 2.0.2 (Riesz—Thorin interpolation). Let (X, 1) and (Y,v) be two o-finite
measure spaces. Let T be a linear operator defined on the set of all finitely simple
functions on X and taking values in the set of measurable functions on Y. Let
1 < po, p1,qo, 1 < o0 and assume that for all finitely simple functions f on X,

HT<f)”LqO(Y) < M() HfHLPo(X),
HT(f)”qu(Y) < M, ”fHLm(X).

Then for all 0 < 0 < 1, we have
IT(P)lzagry < Mg MY || fllzo i),

for all finitely simple functions f on X, where

1 1-6 4

1—-6 0

Y

1
p Po P q q0 q1
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Consequently, when p < oo, by density, T has a unique bounded extension from
LP(X, p) to LY(Y,v) with p and q as above.

The statement and proof of Lemma 2.0.2 can be found in [10, Chapter 1.3.2].

2.1 Dyadic decompositions

Dyadic decomposition is a useful tool to obtain many of the estimates we seek.
Let ¢ : Rsg — [0, 1] be a smooth monotonic function such that ¢(r) = 1 for r <1
and o(r) =0 for r > 2. Let

o ¢j(r) = ¢(z) for j € Zxy,

o ¥;(r) == @j11(r) — @;(r) for j >0, and

o o(r) :=p(r).
Then, we have a partition of unity

Sws(e) =1, forall ¢ € R

Jj=0

Let f: R4 — Cand N := 27 for some j € Z>o. We define the frequency projection
operators Py, P<y as the Fourier multipliers given by

Pyf(€) = (€D F&),  Pen](€) = o;(€]) F(O).

If we are on the torus, and so f : T¢ — C, then we can simply define these
projectors by

Pyf(n) =1on(nl) f(n),  Penf(n) = Len(In]) F(n).

In general, we may define frequency projections to some set £ C R or Z¢ by
Ppf=1pf.

Remark 2.1.1. When speaking of dyadic intervals, we will repurpose our notation
and write, for instance, |{| ~ N or N1 < Ns. In this case, the notation has the

usual meaning, except that the implicit constant is 2% for —1 < a < 1, or we
simply mean || < 2 if the dyadic integer we are comparing to is N = 2° = 1.

These projection operators are particularly useful in situations where it is easy
to show a bound when there is frequency localisation. Suppose for instance that
we want to prove a bound of the form ||f||z2 S Y. Then, it suffices to show that
|Pnfllre S N7°Y for e > 0, since then we have

IflZe= > IPvflia S Y, (N°Y)PSY2

N dyadic N dyadic

With arguments like these, we are employing the uncertainty principle. This is
the principle that a function cannot be sharply localised in both the spatial (or
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temporal) and the frequency domain. So, a bound like ||Pyfll;2 S N°Y can

appear, since Py f being localised in larger dyadic annuli as N — oo results in
Py f being localised in smaller and smaller sets. The following lemma is a useful
property of frequency localisation, which can be viewed as a manifestation of the
uncertainty principle:

Lemma 2.1.2 (Bernstein’s inequality). Let 1 <p < g <oo and f € L'NL% We
have

1 1

1P<n fllzarty S N0 Pay fll o ray- (2.1.1)

Proof. Let f € S(T?). Since E]V\f(n) =1-n(|n|) f(n), we may write
Ponf =Ky x f
where Ky := F'(1<y). This gives
Kn(z) = N°K,(Nx),
which means that
|5l = N € N9,
Thus, by Young’s convolution inequality, we have

|P<nflle = [|[Kn * fl|La
< |Kn|ler || fllza

. This means we have

for1-1=21_1
TP q

1

1_1
1Pen fllze S N3 fll o

Now, consider f € L' N L2 Since PcyP<yf = P<yf € S, we may replace f by
P-n f above to get the desired result. O]

2.2 The Duhamel formulation

Recall the NLS
i0u + Au = N (u)

on the torus T¢. We perform a Fourier transform in x to receive

—

oau(t,n) = —i|n|*u(t,n) —iN(u)(t,n).
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For a fixed n, this is an ordinary differential equation in t. By variation of param-
eters, we get

t —_—
it n) = e=IPE(0, n) — i / e~ RE) () d.
0
Then, an inverse Fourier transform gives
t
u(t,z) = S(t)ug — z/ St — YN ()t x)dt (2.2.1)
0

meaning that we have transformed the NLS into an integral equation. We
call (2.2.1) the Duhamel formulation for the NLS. Here, we define the linear
Schrédinger propagator S(t) to be the Fourier multiplier operator given by

—

S()f(n) = e """ f(n).

For the NLS on R?, we simply replace n by ¢ for this definition, and otherwise the
Duhamel formulation is the same. For a given initial data ug, the solution to the
(homogeneous) linear Schrodinger equation is given by S(¢)ug, and the solution
to the nonlinear Schrodinger equation is given by (2.2.1). For this reason, we will
sometimes refer to S(t)ug as the linear solution, and to u satisfying (2.2.1) as the
nonlinear solution.

The linear Schrodinger propagator enjoys some properties that are direct con-
sequences of the way it is defined. Namely, it is a unitary operator from H; to
itself, and the linear solution S(t)uy belongs in CrHZ. That is, for any uy € H?
where s € R, we have

1S5 (#)uollmg = lluolla,

and o clearly [S(uollcrm: = supor 1S@uolluz = luollu < oo We
will analyse some other properties of S(t), in particular bounds of the form
[1S(t)uollzs = [luol|zy, in Chapter 4.

Viewing the linear solution as a sum of different frequencies by the inversion
formula S(t)ug = >, cza Uo(n) e =it ye see that each frequency experiences
a phase shift dependent on ¢, which is more extreme for larger frequencies, that
is for large |n|. In other words, the frequencies of u are dispersed over time. In
local time, this dispersion tends to cause destructive interference and cancellation
(hence good smoothness or decay) on R%, since the frequency domain is continu-
ous. On the torus T¢, however, it is not as helpful, since constructive interference
can be more problematic on the discrete frequency domain. Figure 2.1 is a visual
analogy of this situation. This is the main difficulty in proving well-posedness
results on T?. Bourgain’s introduction of the Fourier restriction norm method in
[3] is hence highly influential, not only for the results in the paper, but for the new
methodologies that came from it. We will discuss this methodology in Chapter 5
and remark on some results that followed in Chapter 8.

Remark 2.2.1. Although we have S(0)ug = ug almost everywhere (with respect

8
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to the Lebesque measure), the initial data ug might be very rough and somewhat
problematic, and so it is not obvious that S(t)ug — ug pointwise if it is only
assumed that ug € H:(RY). See [27] and [35].

A

Figure 2.1: The phase shift on frequency components induced by S(t¢). Here,
the polar coordinate plot § = —2mr? shows the phase shift —¢|¢]? as a function
of |¢| (at time ¢ = 2m). Heuristically, when integrating over frequencies, this
twisting is good, since it leads to cancellation. However, when the frequency
domain is discrete, so say n € Z, then this twisting could cause different frequency
components (dots above) to align in phase.

2.3 Perturbation

When dealing with the problem of well-posedness of the nonlinear Schrodinger
equation, we wish to be able to relate the nonlinear solution to the linear solution
with the same initial data. That is, we would like to use the properties of the linear
Schrodinger propagator to obtain favourable bounds for a contraction mapping
argument, the details of which we will discuss soon.

Heuristically, we expect the nonlinear Schrodinger equation to be well-posed,
if nonlinear solutions are “close enough” to some linear solution. In other words,
we wish to treat the nonlinear solution as a perturbation of the linear solution.
The main concern, then, is to rigorously define this notion of closeness. We do
this by norms. In particular, we wish to have the solution given by the Duhamel
formulation (2.2.1) to be close in norm to the linear solution, so

1S(yuo — i / S(t — )N () dt'| ~ || (t)uol

We will see that on R?, the H* norm is usually a good way to tackle this problem
(see Chapters 3 and 4), although we will have to be more precise when on T? (see
Chapter 5).
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2.4 Contraction mapping arguments

Although we have derived the Duhamel formulation, it tells us little about whether
such a wu satisfying (2.2.1) exists. For well-posedness, we wish to show that a
solution exists and is unique. For this, we rely on the following theorem:

Theorem 2.4.1 (Banach’s fixed point theorem). Let (X, ||-||) be a Banach space
and let I' : X — X satisfy

[Tz =Tyl <clle =yl foralz,yeX,

for some 0 < c < 1. Then I' has a unique fixed point in X .

This is a standard theorem and can be found in, for instance [30, Chapter 6].
In particular, given ug € CrH;, we will define the solution map

Lo (u) := S(t)ug — i/ot St —t" N (u)dt

on some ball B C CrH;, and show that it is indeed a contraction mapping on
the closure By. Clearly, the fixed points of the solution map satisfy the Duhamel
formulation (2.2.1). In particular, we have to show that I',, : Bgr — Br and that
I',, is Lipschitz continuous in Bpg.

To achieve a full well-posedness result, we are also required to have continuous
dependence on initial data. We may achieve this by showing that the solution
map is uniformly (Lipschitz) continuous on H? with respect to initial data, since
in that case

[ = vl = [[Tug () = T (0)[| S lJuo = woll,

for u, v unique fixed points of I',,,I',, respectively.
By the triangle inequality, we can write

T (W) | < 1S (#)uol| + H/O S(t = )N (u) dt']]

So, the problem is mainly controlling the two norms on the right-hand side. The
first of these tends to be relatively easy to handle, as we have already seen that
S(t) is a unitary operator from H? to itself (and on other function spaces we
will consider, it is well-behaved). The second norm on the right is exactly the
perturbation from the linear solution and requires more effort. We run into two
main hurdles. First, we must find some way to relate the norm of this integral
to the norm of the nonlinearity A (u) = +|u[P~'u. Second, we must show that
the norm of the nonlinearity is comparable in some way to the norm of u directly.
In the next chapter, we will see how we can achieve this in a relatively simpler
setting.

10



Chapter 3

Well-posedness of the nonlinear

v qe . d
Schrodinger equation for s > 5

We look at a relatively simpler case of the problem. We will prove the following
high regularity local well-posedness result:

Theorem 3.0.1. The nonlinear Schrodinger equation is locally well-posed in
H*(M?) for s> % and M =R or T.

Let 0 < T < 1 be fixed, and t € [0,T]. Recall that we have the following:
o || S(t)uo|lgs = ||uo||gs for all t € R,
o || fo St = t)VFdtlcpmy < TIFllopms-

This means that in the solution map

t
Lup(u) = S(t)up F z/o S(t —t)|ulP~tu(t') at’,

we have control over the size (in H® norm) of the homogeneous S(t)uy term and
the nonhomogeneous Fi fg S(t—t")|ulP~ u(t') dt’ term. However, we currently lack
the necessary tools to compare the nonlinearity itself to the solution u. On the
other hand, the regularity condition s > % is quite strong, so the nonlinearity ends
up being relatively easy to control. This is due to the following lemma:

Lemma 3.0.2. For s > %l, the Sobolev space H*(M?) is an algebra for M =R or
T. That is, given any f,g € H®, we have

1fgllezs < 1l s (gl e

Proof. We will conduct the proof in the Sobolev space H*(T9). The proof for
H*(R%) is nearly identical. Notice that if we have n = n; + no, then by the
triangle inequality, we have

(n)* < ((n) + (n2))° S (n1)” + (n2)”

11
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for s > 0.
Let s > g. See that

e = 1 Fg)lle = 1) T gl = n)* 3 Flnn) glno)lls.

n=ni+nz

1 f9]

Using the previous fact and the triangle inequality again, we can write

we S ) Fn) gl + 1 D (n2)* Fm) (o)l

n=ni+no n=ni+nz
= 1) f*lle + [1f * () Gllez-
Applying Young’s inequality, we get

1G)° Fxglle < 16 fllea 19lley

= 1fllas (1)) glley
< W 1 Nez 1€ Gllen
Se Hf| Hs 9\ Hs,

Where we have used Cauchy-Schwarz and the fact that (Z:n<n>_25)l s 1 since
s > 4. Similarly, we have || /% ()*Glla s [1f]1a- Ilg]

1 fgllas < IS
as desired. O

7 s, which means that

HS

In particular, Lemma 3.0.2 implies that

[l |

(3.0.1)

s

for s > %l, meaning that we have control over the nonlinearity directly. We proceed
to write out the contraction mapping argument in detail.

Proof (of Theorem 3.0.1). Throughout this proof we will denote by ¢; the implicit
constant coming from any relevant bound or inequality we apply, or relevant
products thereof. Let 0 < T < 1 and s > %. Define the solution map

¢
Lo (u) := S(t)ug F 2/ St — ) |ulPtu(t’) at’,

0

where 1y € H3(M?), and define the ball
Bp = {u € CrH(R; x MY) : |lullcrns < R},

where R > 0 is a radius which we will choose explicitly later.

12
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Fix ug € H(M?). Let u € Bg. See that by the triangle inequality we have

t
Ty (W)l ey < [SE)uollerms + H/ St =) ul" u(t') dt'|| op ;-
0

For t € [0,T], we apply the fact that S(¢) is a unitary operator on H* and the
estimate || [ S(t — t')F dt'||cpms < T||Fllcpms to get

ITue(Wlcpms < luollms + TlHulP ullepms-

Then, 3.0.2 gives

ITuo (Wllorms < Nuollms + e l|ullE, o (3.0.2)
Let v € By as well. See that
1T () = Tug (0)|lorms < II/ (P~ = ol ro)(t) dE | o s
< T ul ™ u = [0~ o lopms-

Noting that
a? — b’ = (a —b) Z a’b
J+k=p—1

for any a,b € R, we may similarly write

lulPru — Pt = (uﬂ)%u — (vU)pTv
= (u— )T (ud) "7 u+ (T —7) (Wd) T u+...
U p P
+ (00)"T v(u —T)u + (v9)"7 VO(u — v),
so we have
el b=l
[Tug () = Dug (V) [|opms < T (wtt) Z u— (v0) 2 v|[orm;

SclTuu—vHoTH;( Sl

Jj+k=p—1

vn’aTH;)

by the triangle inequality and Lemma 3.0.2. Notice that

HUHJ(JTH U“CTHS N ||u||CTH + [lv ||CTHS

for all j,k with j + k = p — 1. From u,v € B we have |ullcrms, |vllcrns < R,
which means

ITuy () = g ()llopmy < exTRHlu = vllcpms.- (3.0.3)

13
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Set R = 2|Jug|| s, and choose 0 < T < 1 such that
T < d T< L
——— an ———
T 2c R ~ 2coRP1
Then, we have from (3.0.2) that
R R
Ius(@llern; < 5 +5 =R,

and from (3.0.3) that

1
IPuo (@) = Lao (0)llerm < 5 llu = vliers;-

That is, for a fixed ug € H:(M?), the solution map T',, is a Lipschitz continuous
mapping from By to itself. Thus, Banach’s fixed point theorem implies the exis-
tence and uniqueness of the solution to the NLS given initial data uy € HZ(M?).

Finally, let vy € H*(M?) as well, and denote by u and v the unique fixed points
of I'y, and I'y,, respectively. See that ||u — v||c,ms = ||Tue(w) — T'ue(v)||cp s, and
SO

t
[ = vllorms < 1S(8)(wo = vo)llorus + H/ St =) (|ulu = [Po)(t') dt'l|opm
0

1
Hs + §||U — Vo

< lug — vo

by a computation similar to earlier. So, we have

lw = vllerny < 2|luo = vollas,

meaning that the solution map is uniformly continuous with respect to initial
data. O
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Chapter 4

Well-posedness of the nonlinear
Schrodinger equation on RY

In the previous chapter, we proved the local well-posedness of the NLS in H*(M?)
for s > % and M = T or M = R (Theorem 3.0.1). This was possible without
much trouble, since the regularity condition s > g means that any solution in the
relevant space is rather well-behaved, especially in higher dimensional settings.
We would like to have less restriction on the regularity, and hence we investigate
what happens when s < % when working in R?. This chapter will largely focus

on local well-posedness, though we will discuss a result on global well-posedness.

4.1 Scaling heuristics

We hope to gain some information about the low regularity setting through the
symmetries of the NLS. In particular, we look at scaling. The equation

i0u + Au = N (u)

has no direct dependence on z as a term or coefficient. That is, any solution u to
the NLS is not controlled by its spatial scale. So, we expect that a solution with
its initial value localised in z over a ball of small measure should, when scaled
appropriately, behave similarly to a solution with its initial value localised on a
ball of a relatively larger measure.

Given a solution u of the NLS in R? with u‘ +—o = Uo, define the scaled function

1 t
A -
u (t,l’) = FU(E, X)

with
1 T
uy(z) == u(0,2) = 1o 1o <X>’

where A, a are real with A > 0. Here, we are scaling ¢ by /\% so as to have the

15



Fourier Restriction Norm Method 16

same scaling after taking one partial derivative in ¢ as opposed to the two partial
derivatives in x (the Laplacian). We would like to find @ € R such that the scaled
functlon u is a solutlon to the NLS with initial condition u for all A € R. Let
t':= {5 and 2’ := £. Recall that N(u) = |u[P~'u for some odd p € N, and so u
satisfies

10+ Au = £|ul’ " u,

which means that

o + Aut = )\ — Ow(t',2") + ar2 Au(t', ') = j:)\l+2 lulP~tu(t, '),
which we would hope to have be equal to
LA Pl = [t o),
\ap
and this is the case if and only if a + 2 = ap, that is a = =, which can only

happen when p > 1. Notice that we pick up a scaling of 13 —_— from the (linear)
derivative operators, whereas the scaling of /\ap comes from the nonlinearity in
the equation. Heuristically, we see that the scaled function u* is a solution to the
NLS if and only if the scaling preserves some balance between linear dispersion
and nonlinear concentration.

Let s € R, and for some f € H*(RY), let

)

Noting that

FAE) = X7 F (),

i = / 6 17 >|2d5)
A (/ P (T8 (g ))1

— A

we have

1£]

Hs(Rd)*

So, let s, := %l — 1% denote the scaling-critical Sobolev index. Note that s. < %l.

See that the above means
gl s ey = A% uol| 7o may

for any uy € H (R?). We may heuristically consider uy to evolve over time, get-
ting scaled in a manner similar to increasing \ as t grows. If g decays rapidly as

16



Fourier Restriction Norm Method 17

|€] increases (so if s is large), then the dispersion is strong enough that any ad-
ditional high frequencies introduced by concentration will largely face destructive
interference and cancellation. On the other hand, if uy has low regularity, then
the high frequencies coming from the concentration can overcome the cancellation
effects brought on by the dispersion, so |[u| ;(za) increases over time, potentially
becoming infinite. The above shows that the turning point is at s = s..

We have three types of regularity with respect to scaling:

e Subcritical regularity (s > s.): If u is a solution to the NLS on ¢ € [0,77,
then u* is a solution to the NLS on ¢ € [0, \T)]. The initial data u} is smaller
than ug in H*® norm. That is, smaller initial data allows for solutions to live
longer. Since by scaling, we can reduce to the small data setting, we expect
to have local well-posedness.

e Critical regularity (s = s,): Scaling has no effect on the H® norm of the
initial data, meaning that further analysis is needed.

e Supercritical regularity (s < s.): According to the same heuristic, larger
initial data allows for solutions to live longer. In some sense, this is too good
to be true, especially since we expect solutions to suffer from concentration
and possibly blow up in the low regularity setting. Thus, we expect to have
ill-posedness.

The above outlines our general expectations of local well-posedness when we con-

sider s < %l. In particular, we should expect the cubic NLS (p = 3) to be locally

well-posed in H?® for s > —% when d = 1, and for s > 0 when d = 2. It is also
d

worth noting that the scaling-critical Sobolev index s. = § — p%l is only a small

improvement from g when the nonlinearity is more extreme (large p).

4.2 Strichartz estimates

The main problem is to obtain a nonlinear (or multilinear) estimate like (3.0.1),
so that we can carry out the contraction mapping argument in the same way as
we did when s > g in Chapter 3. We will achieve this by Strichartz estimates.
We outline the general approach here since our main focus is the NLS on T¢, but
an in-depth discussion can be found in [32, Chapter 2.3]. Along the way, we will
discuss heuristics to set our expectations for what is to come in Chapter 5 and
onwards.
Notice that by definition,

S(tyug(€) = e Gy (€),

which means that we have

S(t)uo(z) = (K * uo)(),

17



Fourier Restriction Norm Method 18

where
1 12 )
Ky(z) = el g 4.2.1
(o) = g e ¢ (121)
is the inverse Fourier transform of the Fourier multiplier e ¢, We can then
write
x jz?  |af?
—tl€l? e = —t| 1€ = 2= . L B b I
e (I SR~
2 2
z|” 2
- —tle - = =
'5 2| T a
to get
1 ;x| o2
Ki(x) = e’ ar e Mzl g
t( ) (27T)d /Rd 6
Ll [ e
= el e " d
g [
1 _lal?
= 7 e 4it
(4mit)2

T
2t

the complex square root to define (47it)2. That is to say that

with a change of variables ( := ¢ — &, where we are using the standard branch of

S(t)yug(z) = (K * up)(x)

1 le—y[?
g 6_ 4it U d . 422
— /R ) o(y) dy (4.2.2)

Note that K; € S,. Here, we see that if uy has compact support (and is thus
absolutely integrable) but is not smooth in z, the linear solution S(t)u, for any
t # 0 is smooth in x regardless. On the other hand, S(t)uy will cease to have
compact support. This phenomenon is named instantaneous smoothing.

This makes sense heuristically, since we expect the propagator S(t) to dis-
perse higher frequencies in ug significantly more than lower frequencies. Features
such as discontinuities that prevent smoothness happen under insufficient decay
of high frequencies. We may imagine for instance, when ¢t = 0, that at a point x,
frequency components of ug experience a large amount of constructive interfer-
ence, causing a discontinuity. But because these high frequencies are dispersed,
S(t)up when t # 0 does not suffer from as much constructive interference, so
that it becomes smooth at xy. Conversely, a solution can lose regularity while
gaining localisation for a point in time. We can see this from time reversibility
(that is, if u(t, x) is a solution, then so is u(—t, x)), or by considering the solution
v = S(—1)u with initial data U’t:() = v := S(—=1)up as t — 17. Meanwhile, on
T?, instantaneous smoothing fails (see Figure 4.1).

Recalling the heuristics discussed in Chapter 2.3 and the scaling heuristics

18



Fourier Restriction Norm Method 19

in Chapter 4.1, we should expect solutions of the NLS to be well-behaved and
preserve regularity over some time if they are close enough to S(t)ug in the norm
sense for an appropriate norm, since then instantaneous smoothing effects will
not be overpowered by nonlinear concentration effects (at least on some local
time interval ¢ € [0,77]). Of course, this is all somewhat vague. Nevertheless, it
shows that there is some hope that local well-posedness holds in low regularity
settings.

Figure 4.1: Dispersion on T. On the left is a square wave, say ug, and on the
right is the dispersed square wave, so S(t)ug for some small ¢ (about one and a
half period is shown for both functions). Through dispersion, uy gains continuity,
but potentially loses almost-everywhere differentiability.

Remark 4.2.1. It is worth noting that the integral in (4.2.1) is not absolutely
convergent. We may, however, resolve this by instead writing

K(z) := lim el vz € o—ele]® dg,
e—=0T JRd

where the integral inside the limit is always absolutely convergent. The limit itself
exists in the sense of tempered distributions. For a general discussion on tempered
distributions, see [10, Chapter 2.5].

Another point to highlight here is that, although we are developing these heuris-
tics, and we have results such as (4.2.2), it is not obvious that S(t)uy — ug point-
wise as t — 0, as we mentioned earlier in Remark 2.2.1.

Most importantly for local well-posedness on R¢ though, from (4.2.2), we di-
rectly receive the dispersive estimate

1

ik

[S()uollree S —7lluollrs, ¢ #0, (4.2.3)

by Young’s convolution inequality. Recalling that S(¢) is an L?-unitary operator
(H° = L?), we have

1S@)uollzz = lluol| Lz (4.2.4)

We may then apply the Riesz—Thorin interpolation lemma (Lemma 2.0.2) to
(4.2.3) and (4.2.4) to get
1

1S () uol|p S W [uol[ st #0, (4.2.5)
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for 2 < p < oo, where p’ is the Holder conjugate of p satlsfylng —I— = =1. The
estimate (4.2.5) suggests that the operator S(t¢) preserves the Lp norm only for
p = 2. This is indeed the case, though further justification is needed, see [32,
Chapter 2.3]. From the above estimates, we can derive the following, crucial,
Strichartz estimates:

Proposition 4.2.2 (Strichartz estimates on R? [8, 17, 29, 36]). Let d > 1. We
call a pair of exponents (q,r) admissible or Schrédinger admissible if we have
2 < q,r < oo, % + % = g and (q,r,d) # (2,00,2). Then, for admissible pairs of
exponents (q,r) and (G,7) we have:

e for f € LA(RY), the homogeneous

IS fllLorr ®xred) Sdaer 1 F122®a)s
o and for F' € Lfle (R; x RY), the dual homogeneous
I [ SOz Saar 1y,
e and the nonhomogeneous

t
||/ St —tVEX) d'|| Lapr m,xra) Sdgrai ||F||L5'Lr;/(Rthd)
O x T

Strichartz estimates, where for any exponent q, the exponent ¢ is its Holder con-
jugate satisfying & + % =1.

The main takeaway here is that locally in time, dispersion by S(t) allows some
gain in integrability for f when averaged in time in the L] sense. So, given initial
data in L2, the solution u will be in L{L! for some r > 2 for most of the time.
With consideration of instantaneous smoothing (which is in trade with compact
support), the Strichartz estimates also tell us that the solution w will have its L
norm decay as t — 0o, again in the Li-averaged sense.

We will give a partial proof of Proposition 4.2.2 later. Temporarily assuming
this result, we approach the cubic NLS on R. Recall that Cp = L°([0,77).
Choosing (g,7) = (00,2) or (8,4), and (¢,7) = (8,4), see that we have

II/ )ul*udt'|| oy < MMl s i (4.2.6)

by the nonhomogeneous Strichartz estimate in Proposition 4.2.2. Here, and
throughout this discussion, we use L{ to mean the restriction L{([0,77]). Since

7T 1 1 1 1 3
—=—+-+-+<- and - =

1
8 2 '8 8 8 111t

1 1
4 4
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we may apply Holder’s inequality several times to (4.2.6) and receive

I [t = Ol e S oy o, 4
L L3
< T3||uf?ul] 5 4
L3L3
< T2 ullfs (4.2.7)
on t € [0,T]. This means that if we define the space Xr(R; x R?) with the norm

1Lz = N lorms + 1l pszs,

that is XT = OTHS L8L4

-, We can run a contraction mapping argument on the
closure of the ball

BR = {U e Xp: ||u||XT < R}

with an appropriate choice of radius R similar to before. This will thus give the
following theorem:

Theorem 4.2.3. The cubic nonlinear Schrodinger equation is locally well-posed
in L*(R).

The proof of Theorem 4.2.3 is similar to the proof of Theorem 3.0.1, and thus
we will skip the details. The main qualitative difference of note is that in defining
the ball for the contraction mapping argument, we require the solution u to have
some extra integrability (by being in L¥L2).

One may similarly derive other local well-posedness results, potentially con-
verting the estimates in Proposition 4.2.2 to those concerning Sobolev spaces
whenever needed. We look at a pair of interesting results. Consider the cubic
NLS on R%. We pick (q,7) = (00,2) or (4,4), and (¢,7) = (4,4). A similar
computation to (4.2.7) gives

n/ O)uPudlygey S NulPull g <l

t

on t € [0,7]. Now, note that here, we actually have no dependence on T, in
contrast to (4.2.7). Recall that in the proof of Theorem 3.0.1 (or 4.2.3), we
required some factor of 7% with # > 0 to ensure that the solution map T, is
a contraction. In this case, we may ensure the same, if we let 0 < n < 1 and
stipulate

[uollzz = m, (4.2.8)

or observe that

Tlgng Hl[OyT] SG)UUHL?@ =0,

21



Fourier Restriction Norm Method 22

by the Dominated Convergence Theorem, and thus stipulate that
T'is small enough such that [|S(¢)uollrs <7 (4.2.9)

to conduct a contraction mapping argument with R = 27, where we choose n
appropriately. Notice that the stipulation (4.2.8) has no dependence on T' (that
is, we may consider 7" — o0), meaning that we have the following small-data
general well-posedness result, whose proof we similarly omit:

Theorem 4.2.4. There exists some n < 1 such that the cubic nonlinear
Schrodinger equation is globally well-posed in L*(R?) if |Juo||p2 < 7.

Recall the scaling heuristics from earlier. We discussed that in the case of
subcritical regularity (s > s. = g — 1%), we expect small initial data to allow
solutions to live longer. We see that here, we may even choose initial data small
enough for solutions to live indefinitely (even though we are in the critical space
12 = HO),

On the other hand, from the stipulation (4.2.9) we receive:

Theorem 4.2.5. The cubic nonlinear Schrodinger equation is locally well-posed
in L*(R?).

Here, it is important to note that the local well-posedness depends on the
profile of the initial data wug, since different initial data will naturally have dif-
ferent L? norms. So, although we have some local well-posedness in the critical
space L2, it differs from other local well-posedness results we consider in terms
of this dependence. The proof of Theorem 4.2.5 we omit, though there are some
differences to the proof of Theorem 3.0.1. In particular, one runs the contraction
mapping argument in Ly, and then shows that the unique solution u = I'y,(u)
must belong in CpL2. Theorems 4.2.4 and 4.2.5 are somewhat weak results, and
much stronger results are available in the defocusing regime, see [7] and Chapter
8.

Now, we return to partially prove the Strichartz estimates in Proposition 4.2.2.
We will make use of the following lemma, which directly gives the nonhomogeneous

estimate from a similar, non-localised estimate:

Lemma 4.2.6 (Christ—Kiselev lemma for the Schrodinger propagator [5]). Sup-
pose that 0 < T < 1, and 1 < ¢ < ¢ < oo are such that

I [ 5= VPW) gy S 1Pl
for some 1 <r, 7" < oo andt € [0,T]. Then, the estimate
t
I [ 8= OOPW) gy S 1Pl
holds.
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The above is a corollary of a more abstract lemma about localising operators
in time, from [5] (see also [28], [33]), that holds for any kernel K € C°(I x I —
B(X — Y)) of bounded operators between Banach spaces X and Y, where I is
some time interval. It, along with the dispersive estimate (4.2.5), allows us to
prove Proposition 4.2.2 in the non-endpoint case (g, q # 2).

Partial proof (of Proposition 4.2.2). We will prove the Strichartz estimates in the
case where ¢, § # 2. We will employ the T'T™* method. That is, for a linear operator
T, the following statements are equivalent (see [34]):

e T is bounded,
e its adjoint operator 7™ is bounded,

e their composition 77* is bounded.

In this case we will use T := S(t) : L2 — L{L" which means we have that
T+ : LYL" — L2 is the operator defined by

e

and that it suffices to show their composition
TT*F(t) = / S(t— ) F(t') ¥
R

is bounded L{ L7 — LILT.
Let (q,7),(q,7) be admissible. We have from Minkowski’s integral inequality,
(4.2.5), and the Hardy-Littlewood—Sobolev inequality (2.0.2) that

I [ 5= 0P gz < 1 [ 15 = VPl W g
S F()| . dt'|| e
| —s - o @l
= ||HdT # [|E ()l [l
f§ ||F||L§ L

for 2 < ¢,r and for any F € LZ/L;'(R x R?), where by ¢/, we denote the

Holder conjugates of ¢, r. This means that the operator TT™ is bounded L?l L —
LIL", and the homogeneous and dual homogeneous Strichartz estimates follow.
Composing the two homogeneous estimates, we get

H/ t—t dt HLqu < HF“L‘IILQ"

and so the nonhomogeneous estimate follows from the Christ-Kiselev lemma 4.2.6.
For the proof of the endpoint cases, see [17]. O
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Chapter 5

Fourier restriction norm spaces

When tackling the problem of local well-posedness of NLS on the torus T? for
s < g, we cannot use the same reasoning to conclude the contraction mapping
argument. This is because Lemma 3.0.2 does not hold, and so we cannot directly
bound the nonlinear term. We resolved this problem for the cubic NLS on R?
for d = 1,2 by using Strichartz estimates as discussed in Chapter 4.2. However,
these estimates heavily relied on the dispersive estimate (4.2.3), which does not
hold in the periodic setting. As such, we need an alternative method to establish

Strichartz estimates, which will allow us to deal with the nonlinearity.

Why does the dispersive estimate fail on the torus T?? It is easy to see that,
for instance on T, the linear solution

S(tyug =Y _ e iy (n) (5.0.1)

ne”L

is periodic in t for any fixed x, for any suitable initial data ug. So, the decay in
L% and conservation in L2 norms do not share the same relations as they do when
we look at the NLS on R. This is a consequence of T being compact, since the
Fourier transform T — Z is an operator that lands in a discrete and countable
space in this case.

One (rough) heuristic for this is to consider the NLS as describing how the
surface of water evolves over time. We may think, then, that the initial data ug
describes some initial distribution of water. If we have a finite amount of water
on RY, an infinite space (not compact), then over time, the highest water level
will decrease as the water spreads thin. In contrast, on some spherical planet of
finite size (compact; one may alternatively imagine a toroidal planet), the highest
water level can never go below some average water level, and the water waves will
keep moving back and forth. Figure 5.1 illustrates this heuristic. So, we should
not expect to have dispersive estimates on T?, at least not in the same way.

Recalling the discussion in Chapter 2.3, we reconsider our function spaces. We
wish to define spaces better-suited to the NLS than the Sobolev spaces H® we have
been taking advantage of so far. Our critical observation comes from applying a
Fourier transform in the time variable in addition to the space variable. Consider
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_ N / \

— . \\ /

Figure 5.1: The “water on a planet” heuristic. On the left is the evolution of a
possible solution on R, and on the right is the evolution of a similar solution in T.

the solution u to the linear Schrodinger equation. It satisfies
100u+ Ayzu=0

with u‘ +—o = Uo. Taking a space-time Fourier transform on both sides of the linear
equation above, we get

Fialituu + A, (rom) = [ (@ialt,n) = o2t ) e d

R

= —(1 +[nf*) a(r,n)

= 0 == .Ft,x(O)
More concisely, we have

(7 + |n|*) U(r,n) =0, (5.0.2)

which implies that the space-time Fourier transform of v is a measure supported
on the characteristic hypersurface {(7,n) € R x T? : 7 = —|n|?}. In particular,
we have

i(rn) = / e~ o () = dt = / eI gt i () = 5(r + |nf?) (),
R R

(5.0.3)
where § denotes the Dirac delta function.

We see that the space-time Fourier transform of w is supported on a hyper-
surface analogous to a paraboloid, see Figure 5.2. Viewing the nonlinear solution
as a perturbation of the linear solution, we expect the nonlinear solution to have
its space-time Fourier transform supported on a set that is close to this hypersur-
face, at least for some short time (a solution may not even exist in global time).
We wish to take advantage of this localisation. In particular, we expect to be
able to bound sums or integrals over some set F, by the measure of E. If, say
E, c {(r,n) e RxT¢: 7 = —In|> + O(1)}, then we can count lattice points
to estimate #FE,.. We will see more concrete examples of this kind of bound in
Chapter 6.1 and Chapter 7.1.

We define the Fourier restriction norm spaces:

Definition 5.0.1 (Fourier restriction norm spaces). Let s,b € R. We denote by
Xj£—|n|2(R x T%) the closure of the space of Schwartz functions S(R x T¢) under
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the norm

lull oo = 1) (7 + [nf*)" @lr, n) e 2. (5.0.4)

T=—|n|

We will abbreviate inf\nF to X whenever the underlying hypersurface is
clear from the context.

et T ,,
[N NN [N NN
[N NI [N N
[N N [N N
NN XN NN XN

Figure 5.2: Roughly localising around the paraboloid.

Notice that the term (7 + |n|?)? in (5.0.4) grows large going away from the
characteristic hypersurface of the linear solution for b > 0. So, any bound on
the X norm that we impose on the nonlinear solution will force its space-time
Fourier transform to nearly vanish outside of this hypersurface. In that sense, the
X*% norm penalises any function that lives far away from the hypersurface.

For any u € X*° we denote by U := S(—t)u its interaction representation.
Notice that

U(r,n) = / At n) e dt = e T G(7, n) = (T — |n)?,n),
R

so we have

= [{V)* (@) Ull 2, (5.0.5)

where we have used a change of variables with 7/ = 7 + |n|?. We see that for the
interaction representation U, the X*° spaces coincide with the spaces HH}. So,
it makes sense to view X*? spaces as capturing some sort of regularity in the ¢, x
variables for u € X*°. Specifically, we have that a derivative loss of 2 in z has a
similar effect to a derivative loss of 1 in ¢. This means that we should expect, say
X114, to behave similarly to X*%.
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The X*? spaces exhibit the following properties that are direct consequences
of standard properties of L? spaces and the Fourier transform, which we will use
often:

Lemma 5.0.2. Let u € X*°. We have:

1. Xovb © X522 whenever s; > sy and by > by,

2 lullyse = NTllee

r=—|n|2 =|n|2

3 (X2 ) =X

—jn}?”
4. X*" is invariant under translation in space and time.

The following lemma shows that running a contraction mapping argument on
X*% is indeed useful, in particular for b > %, since it will give us a local well-
posedness result in H}:

Lemma 5.0.3. Let s,b € R. Ifb > %, then we have the embedding
Xt c CrH:.

Proof. Let u € X*°. See that

[[u(?)]

e = 1) 8t m) e < [l{m)° / fatr, n)| drles

since we have [u(t,n)| = | [u(r,n) e dr| < [; [u(r,n)|dr where we used the
Fourier inversion formula in time. We then have

nY’ / fatr, ) drllg = [|(n)? / (r 4 ) + ) [@(r. ) dr e

<

()* (7 + [n2) Nz (7 + [nf*)" @(r, ) |22

&

by Cauchy—Schwarz, and since [, (7 + |n|?)"?*dr <1 for b > 3, we have

()* 17 =+ [l 1 + 1) )z | {0 K7 + [nf*)* (7, m) 22

e 2
= [{n)* (v + [nf*)" @l n) 2 22

= [lul

Xsb.

Thus, we have ||u(t)||gs S ||ul|xss uniformly in ¢. It remains to show that w is
continuous in t. Let h € R. Again, using the Fourier inversion formula in time,
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we have

[u(t + h) —u(t)|

ne = ll)* [ ) (€047 — ) drilg
R

— ) [ e m) (e~ 1 drg
R

S llul

Xs:b

by a similar computation to the above, also using the fact that |e'"” — 1| < 2 for
all h. Since "™ —1 — 0 as h — 0 and the bound above is uniform, we have from
the dominated convergence theorem that w is continuous with respect to the time
variable and thus we conclude that v € CpH. O

In addition to the above, we have the property that X*? is closed under mul-
tiplication by a smooth function in time.

Lemma 5.0.4. Let s,b € R and ¢ be a smooth function belonging to S;(R). We
have

1o(t) u|

Proof. See that by the Fourier inversion formula in time,

X s:b 5 ||U| Xs:b.

wwwmww/&mwwmwmb
R

séwmwmm

where we have used Minkowski’s integral inequality. Notice that

Xs:b dTl,

l¢(r1) €™ wllxen < |o(70)] 1€ ul| e

and '
Fio(e™™u)(r,n) = U(t — 7, n).

)

So, we have

[ 1y er

lxerdn < [ B0+ ) 5l = )l dn
= [ B0 (7 I )z, d
S [ 1B N () + o )z,
= s [ () 3r)

So vl

Xs:b

since ¢ € S;(R), where we have used the change of variables 7/ = 7 — 7, and
Peetre’s inequality (7' 4+ 7y + [n|?)* < (7)PH{7" + |n|?)?. O
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5.1 Linear estimates

To conduct a contraction mapping argument in X**, we would enjoy having esti-
mates of the sort

Lo [[S#)uollxso S [Juol s, (Homogeneous linear est.)
2. | f(f St —tYFt")dt'||xs» < TNE | xs0-1, (Nonhomogeneous linear est.)
3. N (W) llxse-1 S lulleess (Nonlinear est.)

since they would allow us to control both the linear and the nonlinear terms in
the solution map

Loy (u) = S(t)ug £ /Ot St —tN(u)(t')dt'.

Note that since we are integrating with respect to time, we expect there to be
some loss in regularity in the time variable in (2). The estimates (1) and (2) are
not true exactly as above. We will, however, show that they hold under slight
modifications. The nonlinear estimate (3) on the other hand, is more delicate,
and as such we will direct our attention to it later in Chapters 6.2 and 7.2.

Disappointingly, the linear solution u = S(t)ug is not in the space X*°, despite
living on the characteristic hypersurface. It follows from (5.0.3) that

xeo = [{n)* (7 + ) @7, n) e 2
= [[(n)* (7 + [nf*)" 6(7 + |nf*) o (n)
= [[{n)* (7 + |n[*) do(n) ez L2

[l

L2

which does not exist since § ¢ L?. To mitigate this, we localise the linear solution
in time so that it is in X®°. This is natural, since by the uncertainty principle, the
function S(t)uy which is completely unrestricted in ¢, = will be completely localised
in 7,n. Given that the linear solution can be periodic in time (see (5.0.1)), we
cannot expect it to be in L? unless it is uniformly zero. By localising in time,
we force the linear solution to be Schwartz in exchange for its localisation in the
frequency domain, but this is a profitable tradeoff as we will observe, in particular
for obtaining local well-posedness results.
Let n € §; be a smooth function such that

e 1)(t) = 1 whenever t € [—1, 1],
e 1)(t) = 0 whenever t ¢ (—2,2),
e and 0 < n(t) <1 forall t € R.

We will call such functions bump functions or cutoff functions. We wish to have
the time-localised linear solution 7(¢)S(t)ue in X*b, and also have its norm be
comparable to the norm of uy in an appropriate function space. Indeed, that is
the case.
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Proposition 5.1.1 (Homogeneous linear estimate). Let s,b € R. We have

[In(£)S(t)uol

v S (5.1.1)

for all up € H.
Proof. Let u :=n(t)S(t)ug. We repeat the computation in (5.0.3). See that

u(r,n) // ug(t,r) e " dw e dt
Td

—/’I’}(t) e—zt|n|26\0< ) —itT dt
R

:/n@eﬁmmﬁw@m>
R
= A(r + [n]?) Go(n).

Then, we have

In(®)S ol e = [[{n)* (7 + [n])* G + [n]*) do (1)l 22
=0+ 2 o
o
o [LPROR
43
where we used the translation invariance of the H} norm. O

Naturally, we also consider time localisation for the nonhomogeneous linear
estimate.

Proposition 5.1.2 (Nonhomogeneous linear estimate). Let ¢ > 0 be given, and
let s € R and b > % Suppose that F € X**~1 and that n is a smooth cutoff
function. Then, we have

t t
Hn(;)/ St —tYFt')dt'|| xso < TF||F|| o142 (5.1.2)
0

for all0 < T < 1.

Notice that here we are not time-localising with just n(¢), but with a narrower
t

(%), since this allows us to get the T° factor in the inequality by an ¢ loss in
regularity. We expect such a result due to the uncertainty principle.

Proof (of Proposition 5.1.2). Let Z(t) denote the integral fg S(t—t")F(t')dt', and
given that 0 < T < 1, let 1,(t) = n(%). Assume temporarily that

1+ 101" 2, (OZ(r,m)lle S T (7' + )= (7 n)ll e, (5.1.3)
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for all n. Multiplying by (n)* and taking an £2 norm, we have

I () Z() [0 = || ()" {7 + [n*)* 0, ()T (7, )| 22
2
S [ T 1 + [n) = F (),
T £2
- TE HFHXs,b71+e,

which is the desired result. Thus, it suffices to show that (5.1.3) holds for all n.

Let G denote the interaction representation of Z. That is,

(1) = / S(—t')F(t') dt'.
Notice that we have

Fo(G(t))(n) = / i F(t' n)dt

0

_ / Lo g(t) F(t',n) 1" at'.
R

See that ]-"t/(l[o,t](-)ﬁ( )1 = (I[O,t] % F)(7',n), where %, denotes convo-
lution in the 7/ variable. Furthermore, the above integral is simply the Fourier
transform of 1y y(+) F(-,n) in time, evaluated at 7 = —|n|%. So, we may write
the above as

~

Fo(G)(n) = (L. o F)(-.1)

T'=—|n|?"

Noting that

. t L —itt! 1
1[0,t](t,) :/ e—zt'r dt/ — €+/7
0
we find
Frane(t) I)(7,n) = Fro(n,.(t) S@)G(t))(1,n)
= [ (7 @y B )]y )
R
| Sit(-inP-r) _
= [ e itlrHnl®) n,(t /e , F(7',n)dr'dt
[ O J S =y T

/ / —zt(T ) _ —zt(T+|n\2)) F\(Tl’ n) i

i7"+ [nl?)

Using Fubini’s theorem to switch the order of integration, we can write the above
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as
. ’ . 2 1 o
¢ —it(r—7') _ _—it(t+|n|?) dt - -  F / d /
| [ ) bt e P m)
1 —~
= | (m(r—=7) -1 Y)Y ——— F(7' n)dr. 5.14
[ =) =+ 0P) s P e (514)
See that we have
_ _ 1 — —
[t =) = e+ 0)) gy F(m) a7 < B + Pt
where
—~ 1 ~
Fi(t,n) = ot — 1) = 02(1 + |n]?)) ————— F(7',n)dr,
= [ ) T ) ey PO
o~ 1 —~
awmwz/’ T — ) —Tlr + |nf?) ———— B(r',n) dr".
(' +n|2)> 7 ' ) i+ Inf?)

Fix n. We have by the triangle inequality that

7+ [n2)? n (VZ(7,m) |22 S (7 + [0]*)" Fa(r,n) e + (7 + [nf?)” Fa(r,n)l| s

We bound each term individually:
e Case 1: (7' +nf?) < 7.

Since n,. is a Schwartz function, its Fourier transform 7, is smooth. So, we
may apply the Fundamental Theorem of Calculus to see that

e (1= 7") =7y (7 + [nf*) = —T/O (@) (T(7 + [nf*) = 0T (7" + |n|*))d - T(7" + |n]?).
(5.1.6)

Note that the (7' + |n|?) factor in (5.1.6) cancels out with its reciprocal in (5.1.4).
Using (5.1.4), (5.1.6) and Minkowski’s integral inequality, we have

1
wwwammmms/" t/TMMFWmMﬂ (5.1.7)

¢ +inf2) 4 Jo

where
A= {7+ [n?) @) (T (7 + [n]*) = 0T (=" + [n]*))]| 2.

We do a change of variables in A with 7y := T(7 + |n|?). So, we have

A=T72 (T 7)" @) (7 = 6T(7 + [n]*) 1z,
ST |(m) (@) (71— OT(7 + [nf) e, - (5.1.8)

We do a second change of variables with 7, := 71 —0T(7'+|n|?). AsT(7'+|n|*) <1,
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we have that (1) = (75 + 0T(7' + |n|?)) < (), and so

AT 37 (4 0T(7 + [n])* (7 (72) 12,
ST |(m) () (72)l 2,
= T2 () () (7)| 2

where in the last step we simply renamed 7 as 7 for brevity. Thus we have from
(5.1.7) that

1
7 + n?)* Fu(r,n) e < / /O TP ) (7)22 dO F (7' n) d7’

'+l S &
3_ ~ =
GO (T (A RO
'+l S
< Th / F(r',n) dr. (5.1.9)
(r+nl2) S 4

See that we have

/ ]3(7", n)dr’
n)S

1
T
_ / (7' + 2P |2 (e, ) dr!
(r/+Hnl?) < 4
2 ~

S(/ <f+mm”“%%m) 1+ [n]2) B n) | gz,

() S 4 "
STV (7 + |2 F (e n) | 2, (5.1.10)

which follows from the Cauchy—Schwarz inequality and the fact that

1
(/ <7_/ + |n|2>72b+2725 d7_1> ? 5 (/
(' Hnl?) S (' Hnl?) S 4
1
= Tb1te (/ 1 dT/) ’
(i Hn|< 5

5 Tb71+€ Tf%

T2b72+25 dT/)

= Tb-ate,
So, (5.1.9) and (5.1.10) give
7+ %) Bi(rm)llaz S T2 + 0P B ) e, (5.1.11)
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e Case 2: (7' + [nf?)> 7.
We split the right-hand side of (5.1.4) into two terms

1 ~

— _ ! _/\ 2 F / d ,:A A
/(T,+|n|2>>>1(77T(7_ 7') 77T(7_+ |n| )) i(T' +—’n’2) (T ,n) T 1+ As,

where

1 N
Ay ;:/ no(t—7) ———F(7',n)dr’, and
(> L (7" + [n]?)

- 1 ~
Am:—mﬁﬂﬂm5/

——— F(7',n)dr".
(' +|n[2)> 4 i7"+ [nf?)
To obtain the bound (5.1.3), we are interested in controlling

(7 + [n]%)® Fa(r,n)llce = 17 + [nf2)? (A1 + A2)|l 22
<7+ |nA Ayl e + (7 + [0 Agll 2, (5.1.12)

where we used the triangle inequality. We investigate each of the two norms on
the right-hand side individually.

For the first norm, see that the triangle inequality implies
(T4 n[)* S {r =)+ {7+ nf?)’,

which means that

{7+ In*)’ Aullrz S | Avallze + [|As2ll e (5.1.13)
with
1 A
Ajq = / (1 =V (r —7') ————— F(7',n)dr’
(T +Inf2)> % ! i7" + |n[?)
1 _
Apy e / BT — ) B(+ n)dr
(7 nf2)> ’ i(7" + |n|?)
We have
1 1 ~
il < T 1 T [ Py
(7' +|n|2)> L i(7" + |nf?)

by Minkowski’s integral inequality and a computation similar to (5.1.9). Here,
the T2 7% factor appears as a result of a change of variables argument similar to
(5.1.8). Moreover, arguing similarly to (5.1.10), we get

1 ~ B L
/(’+ |2>>>1 —i(T/ T ’n|2) F(T’)TL) dT’ 5 Tb 2+5||<7_/ + |n|2>b 1+e F(T/>n)||L§,,
T'+|n T
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and so we have
1Aillze So T2 7+ Inf) = F(7 )| e, (5.1.14)
Furthermore, we have

AGRDI
7'+ |n|2)1-b—¢

[Ar2]lzz Sl (= 7')| < (7' + Inf*) 7= d7|| 2.

(T'+[n|2)> %

This is the L? norm of a convolution on the variable 7. Hence, we apply Young’s
convolution inequality to get

L ﬁ(T’,n)
lAi2llzz S lnsllze |l (7 + |n|2)1-be

S llzy T2 7"+ [nf) = F(7',n) | e,

(' + 1P,

So T + [0 (' on) 2, (5.1.15)
where we have used ||7, |2 = [|7]|z2 (by a change of variables 7 — T'7) and the

fact that (7" + |n|?)~ < T°.

We finally show that the same bound holds for the second norm on the right-
hand side of (5.1.12). See that

K7+ [nf?)” As| 12

1
< lr + [P+ ) / _
! (' +[n[2)> 4 i + [nf?)

/ 2\b—1+¢ __
<T + |n| > ‘F(T,,n)’ d7_/

F(r',n)dr'|| 2

S 7+ PP T + Pl [

(r/+|n[2)> 4 (7" + |n[?)b=<

N

ST([ B ) Bl
(T'+In|2)> T
ST + [~ B (e n)ll e, (5.1.16)
where we have used

—~ 1_
K7+ [n*)* 7 (7 + ) 22 Sy T27°

by the usual change of variables argument, and

1
(/ (' + |n|?) 72042 dT’) YA
(' +Inl2)>

which follows from (7/+|n[?) > 7. Combining (5.1.12), (5.1.13), (5.1.14), (5.1.15),
and (5.1.16), we get

7+ 1)’ Ba(r,m)llaz S T + oY F () e, (5.1.17)
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Finally, (5.1.5), (5.1.11) and (5.1.17) imply (5.1.3), which is the desired bound.
0

5.2 Transference principle

Recall that we are considering nonlinearities of the form A (u) = +|u|*u, which are
products of u and w. In particular, we will be considering the cubic NLS on T in
Chapter 6 and on T? in Chapter 7. To prove the relevant nonlinear estimates, we
require some way of transferring Strichartz estimates to estimates in X** spaces.

Lemma 5.2.1 (Transference principle). Let b > —, and let T be a k-linear operator
such that

k
ITS@ frs - SO )Ly, S HHfg

for all f; € H%. Then, we have

k
|7 (s, u HLqLT HHUJ'HXSJ'J’

for all u; € X5,

Proof. Let u; € X% for 1 < j < k. We set
fim (@) =Y 7y = |nf*,m) e,
nezd

We have

S(t) frr () = > (7 — [n|?, n) e

nezd

which means that

/ S(8)fr, () €7 dr; = /Z“J — [n[%,n) e et gr;

nezd
=5 [ B0~ o) e dry e
nezd VR
= u;, (5.2.1)
where we have used Fubini’s theorem and a change of variables 7 := 7; — |n|?.
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Moreover, using Cauchy-Schwarz, we also have that

[ 1]

o dr, = / ()™ 0 s e i

< (/R<Tj>2bd7j>§(4<7j>2b||fj,7j\

So ([T 1 fior, N s

~b

1
) 3
7 AT

Y

L2,
Tj

which follows from the integral [, (7;)~*"dr; being finite for b > 1. Using the

definition of f;,, and exchanging the order of norms using Fubini’s theorem, we
have

()" [{n)™ @y — I, n)lleg

/ Vi llges dry <
R

2
L,

—ulxee (5:2:2)

() )" @y = I, m)ll e,
2

by a change of variables. In particular, || f; . ||+ is finite for almost every 7; since
l|uj]| x=» is finite, meaning that f; . € H* for almost every 7;.
Then, we have from (5.2.1) and the k-linearity and boundedness of 7 that

T(ugy ... ug) = T(/ S(t) fim(x) emdry, ..., / S(t) frr, () e dry)
R R
_ / T T(S() frms e SO fin) dri - dT.
Rk

So, by Minkowski’s integral inequality, the L] L" norm of the above is bounded by

||T(u17 s 7uk)HL§L; f§ /k |eit7—1 c eitTk’ ”T(S(t)fl,n? cee 7S(t)fk:,7'k)HLgL;dTl SR di:
R
k
N | i ]
IR
k

=11 Wil

j=17R

using the assumed bound on the operator 7. By (5.2.2), we have

HSJ dTl...di

k k
TGl S TL [ 15l oy S T sl
j=1"R j=1

which is the desired result. O
The underlying principle in the above proof is that for b > %, we may consider
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u € X to be a superposition of linear solutions, see (5.2.1). Notice also that
this is the same condition for the embedding X** C CrH? in Lemma 5.0.3 and
the nonhomogeneous linear estimate (5.1.2).

5.3 An alternative definition

We conclude this chapter with a remark on an alternative way of defining the
Fourier restriction norm spaces X*°. As we have seen throughout this chapter,
most fundamental properties and results concerning X*° spaces require time lo-
calisation using some cutoff function 7. On the other hand, this cutoff function
is somewhat arbitrary. So, results such as Propositions 5.1.1 and 5.1.2 are true
for any cutoff function n. With this observation, given 7" > 0, we may define
local-in-time X*°(T) spaces using the norm

HUHXS”’(T) = inf{HUHXs,b : vl[fT,T} = u},

where || - || xs¢ is defined in the usual way, and as such we may simply omit cutoff
functions in our estimates under this X**(T') norm. Here, we are denoting by v
an extension of u, who is defined on [T, T], onto R. We will, however, choose
to continue using the norm as given in Defintion 5.0.1, and so we will be explicit
whenever we require a cutoff function.
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Chapter 6

Cubic nonlinear Schrodinger
equation on T

We wish to deal with the nonlinearity, using an approach similar to what we
discussed in Chapter 4. To that aim, we first establish a Strichartz estimate.

6.1 Strichartz estimate

To obtain a nonlinear estimate, we hope to employ a simple duality argument to
pass from an X*° norm to an L' norm, and apply Holder’s inequality as we did in
Chapter 4.2 in several ways. Then, we require a Strichartz-type estimate to allow
us to pass back into the right X*® space.

The proofs for Strichartz estimates on T? that we consider involve using a
counting argument to restrict summations, as was the motivation for defining
the Fourier restriction norm spaces in Definition 5.0.1. As to introduce this type
of argument and to remark on a related result, we consider the following one
dimensional L* estimate in periodic time first proven by Zygmund [37]:

Proposition 6.1.1 (One dimensional L*? Strichartz estimate in periodic time
[37]). The following estimate holds

||S(t>f||L§;I(Tthz) S fllzzeny- (6.1.1)
Proof. Let
U(t,l’) = Zf z(na: tn?)
nezZ
Then, we have
lllZ = lile, =11 S Fln) Flng) e d—rd) it
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The sum on the right-hand side is thus a Fourier series sum in (¢, z) of the form

uu = a(t,n) "=, (6.1.2)

where

and

P(r,n) = {(n1,n2) € Z* i nf —n3 = —7, ny — ny = n}.

Given some (7,m) # (0,0), there exists at most one choice of (ny,ny) € Z?
such that the equations

2 2
T = _nl +n27

n=mny — Ny
are satisfied. This is because given the above, assuming n # 0 we have
74+n?=—n?+ni+ (ng—ng)? = —2ns(n1 —ny) = —2ngn,
and so ny = % and n; = n—mny. Moreover, if n = 0, then 7 # 0 and no solution

exists since 7 = —n} +n3 = —(n; — ny)(ny + ny) = 0 gives a contradiction.
Consequently, we have

Yo atma)P S Y F ) flne) P

(rn)€Z2\{(0,0)} n1,na€L
= Fo)P Y I
ni1€Z no€Z
= |1 £FI1%
i (6.1.3)

where we have used Plancherel’s identity.

On the other hand, if (7,n) = (0,0), we have (n1,ns) € P(0,0) if and only if
ny = Ny, and so

a0,00= Y fln) flna) =Y If )P = If11% (6.1.4)

(n1,n2)€P(0,0) n1€Z

by Plancherel’s identity.
Therefore, using (6.1.2), Plancherel’s identity, (6.1.3), and (6.1.4), we have

lullzz r, iz = llutilZz
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=1a(0,0)+ > la(nine)f

(rm)EZ\{(00))
S Iz,

which directly implies the desired bound (6.1.1). O

Unfortunately, this result is insufficient to conduct a duality argument for the
nonlinear estimate. Recall Lemma 5.0.2. Using the transference principle (Lemma
5.2.1) with (6.1.1), we get the bound

Hn(t)uHL;{z(Rthm) S lull xo,

which holds for b > % Since the nonhomogeneous linear estimate 5.1.2 ends up at

the space X% 272 duality would take us to X272, This means that we require
using a space where 0 < b < % for the duality argument, which is strictly outside
of the range permitted by the above bound. On the other hand, notice that from
the Sobolev inequality, we have

il ocrsy S el a3

and so by the heuristics discussed earlier (5.0.5), we should expect a bound in
X038, Roughly twenty years after Zygmund’s result, this necessary improvement
came in Bourgain’s 1993 paper [3]:

Proposition 6.1.2 (One dimensional L* Strichartz estimate [3]). Let u € X%5.
The following estimate holds

Hu‘|L§I(Rt><TI) S HUHXO,%' (6.1.5)
Proof. This proof is by Nikolay Tzvetkov and can also be found in [32, Chapter

2.6]. We will apply several reductions to the problem. We do a dyadic decompo-
sition of u, such that

u= g Upry
M

where uy, for M := 27 with j € Z>q are pieces of u localised to the space-time
frequency regions where (7 + n?) ~ M (recall Remark 2.1.1). See that

3 3~ 3~
> M luarllzz, = YoMl < Y I+ nf)s anllf e ~ lull? .5
M M M

by Plancherel’s identity. Moreover, notice that by Minkowski’s inequality we have

lullzs =1 D un > unrllz, <Y Mumwnellz, S D luauar e -
M M’

M M M<M'
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This means that the desired bound (6.1.5) follows once we show

S lunuarllzz, S DM unlf3s (6.1.6)
M

MM’

Notice that since both M and M’ are dyadic, the condition M < M’ is satisfied
if and only if M’ = 2™ M for some m € Z>,. Then, if we have

_ 3
> lunrwamlzz, S 2 amZM‘*HUMH%gz (6.1.7)
M M

for all m for some € > 0, we can compute

> [unrugmarrz | S > 2 8mM“HUMHL2 S ZM“ ||UM||L2 ;

M m>0 M m2>0

since ), 277" S 1. So, (6.1.6) follows from (6.1.7). Moreover, if we show

3 3
lunrugmarllrz S 277" M5 |Juagl| 2, (27 M)5 lugmal|rz (6.1.8)

then we find

3 3
D lunamnllzz, 27> M fluagllzz (27 M) |ugmell 1,
M M

1
—em 3 2 o3 2
<r (St ) (S0 fumul; )
M M
<27 M fun
— :
using Cauchy—Schwarz, so (6.1.8) implies (6.1.7). We normalise uy; and ugm s to

define

Upr Ugm pr

= , and  wvomp =

lunrllzz, luzmnllzz,

Then, we can write (6.1.8) as

loarvamalliz, S 2679 M,
and by Plancherel’s identity, it suffices to show
Z / 7'1,711)'11/277174(7'2,712) dTl”g%Lg_ 5 2(%7€)mM%. (619)
ni+no=n +T2=T

Let

2

A(r,n ::( > / |oar (11, m0) I@(TQ,HQ)IQdﬁ) ,
T1+T2=T

n1+ns=n
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and see that

HAHE%LE_ = (Z/ Z / "UM 7'1,711)’ "U2'mM(TQ,”2)| dTl dT)
+To=T

nel ni+ngz=n

1
2

1
2
/ |UM<7'1,71,1)’ ‘UQmM(T27n2>| dTl dTQ)

n1,N2E€ZL
Upm 71,711 T UzmM T2, N2 T2
| ) d | )2 d
n1E€Z no €7
- ||UM n-r - 1

where we have used Fubini’s theorem. Now, recall that o7 (71, n1) and vgm p7 (72, n2)
are nonzero only on a dyadic region around M and 2™ M, respectively. So, let

Rl = {(7’1,711) ERXT: <T1 +n12> ~ M},
Ry = {(m2,n2) € R x T : (15 + no?) ~ 2™ M}.

By Cauchy—Schwarz, write the left-hand side of (6.1.9) as

1Y [ L) e i) G na) dnl g
T1+T2=T

ni+n2=n
(>

ni+ns=n

(>

ni+no=n

<sup( >

ni+ns=n

1

3
/ 1g, 71,n1)1R2(T2,n2)d71) Alle 2
T1+T2=T

1
2
/T1+T2 =7 1d7—1> A H@%L%
71,n1 €Ry

(T2,n2)ER2
1
2
/T1+7'2 =T 1d7—1) ”AHE%LE_
(t1,m1)ER1
(T2,n2)ER2

Since [|A|lz 2 = 1, (6.1.9) follows once we show

Sup Z /T1+72 =T 1d7—1 5 2(%_26)mM%' (6110)
mna=n R

We have thus reduced the problem into a counting problem. Fix 7 and n. See
that, for a given ny, for (71,m;) to be in the region R;, we require (1, + n?) to be
less than 2M, and so 7y can attain values in a range of measure O(M). Similarly,
Ty can vary by only O(2™M) for a given ny. We can thus consider

TI+Te=T TI+Te=T
(Tl,nl)GRl — T1—|—n%:O(M)
(TQ,TLQ) c R2 T2 —i—n% = O(2mM>
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From this, we immediately see that the integral in 7, in (6.1.10) evaluates to
O(M). It remains the count the choices for (ny,ns) such that

n=mn +n27
—T = —T1 — Ty = n] +n3+ O02™M).

See that we have

(n1 — n2)2 = n% + n% - 2n1n2
=2(n? +n3) — (ng + ny)?
=—-21—n+02"M).

Since T and n are fixed, this means that there are O(2% M2) choices for (ny —ns),
and consequently for n; and no since n = ny + no is fixed. All together, this
implies that

sup Z e ldr <sup2? Mz (M) =2% M2 < 2G-29m ) 3
n T1,m1)ER T,n

nitn2=n (7’2 ,n2)€R2

for ¢ < £, which is the bound (6.1.10). Therefore, we have the desired result. [

6.2 Contraction mapping argument
We first prove the nonlinear estimate.

Proposition 6.2.1 (Nonlinear estimate in T [3]). Let up,us,us € X%z, We

have
3

frzusl oy o S T sl oo (6:2.1)
j=1
forallO<5§1i6.
Proof. We have from a duality argument that

(| ur i us | sup

||U4||X0’%72€:1

// Uy UUsTUy dx dt‘.
RxT

Applying Holder’s inequality and the Strichartz estimate (6.1.5) we get

XO,—%+25 -

4
HU1U_2U3||X0,—%+25 < sup H Huj||L§Z
”“4HX0,%725:1 j=1

4
S sup Tl gog -
1

Uu. =
l 4“)(0*%*25
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Let 0 <e < 1—16. That is, g < % — 2¢, and so we have

4
||U1U_2u3|| 0,—l+2s§ sup ||UJH 0,4 —2¢
X 2 X2
|“4”X0,%72s:1 j=1

3
= H HuJ'HXO,%—%
j=1

3
5 H ||uj||XO,%+s7
j=1

which is the desired result. O]

From here, the proof of Theorem 1.0.1 is similar to the proof of Theorem 3.0.1,
and thus we omit the details. To carry out the proof, one runs a contraction
. 1 . .
mapping argument on X%2%¢ for small € > 0, defining the solution map

Loy (u) :=n(t) S(t)ue F zn(%) /0 S(t —t')|ul®u(t') dt’

with 0 < T" < 1 whose value is to be determined. Then, the homogeneous linear
5.1.1, nonhomogenous linear 5.1.2, and nonlinear 6.2.1 estimates, and an applica-
tion of Lemma 5.0.3 gives that the cubic NLS is locally well-posed in L?(T).

45



Chapter 7

Cubic nonlinear Schrodinger
equation on T2

Here, we wish to follow a procedure identical to that of the previous chapter. We
first consider the Strichartz estimate on T2.

7.1 Strichartz estimate

We will prove the following Strichartz estimate, which is analogous to (6.1.5) in
two dimensions, though with a small loss.

Proposition 7.1.1 (Two dimensional L* Strichartz estimate [3]). Let € > 0,
N €N and f € L2(T?). The following estimate holds

HU(t) S(t)PSNf’|L§x(Rthg) N N€|’P§Nf’|L§(']1‘2)- (7'1-1)
To prove this proposition, we require the following divisor counting lemma:

Lemma 7.1.2. Let n # 0 be a Gaussian integer, and let d(n) denote the number
of diwvisors of n. We have

d(n) <e [nl®
for all e > 0.

The proof of this lemma for n € Z can be found in [13, Chapter XVIII]. The
same proof can be adapted for Gaussian integers Z[i|, since Z[i] too is a Euclidean
domain.

Proof (of Proposition 7.1.1). Let g = P<nf. See that

In() S(®)gllzs, = Il (n(t) S(t)g) (n(t) S()g) 172
Z / Hn 7j + |7’LJ| (TL]) dm ||€2L2 (7.1.2)

ni+ng=n Y T1+72= =T j=1
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by Plancherel’s identity. Let 3; := 7( - 4 |n|?) and Ba := (- — |nq|?). Notice that

/ N+ [ |?) (72 + |nol?) dry = /51(71)52(7 + 1> + |nof> — 71) dm
T1+To=T R
= (T + |n1|* + [ng|?),

where 9 := 31 *@\2 Since 71 is a Schwartz function, so are $; and f5. So, ¥ = 6/1\/6’2
is also a Schwartz function. We can thus write

2

> Hnnﬂng! dn)dn = 3 v+ ml + o) [0n)

ni+ng=n Y T1HTT2=T 4 ni+ng=n j=1

and so (7.1.2) becomes

2
(&) S@gllzs =11 > &+l +Ina’) []9(ns) Iz L2
7j=1

ni+no=n

=1 ) |¢(T+In1!2+\n2l2)l2H!ﬁ(ng‘)lﬂlem

nit+ns=n 7j=1

<l > e +ImP+ ) llgere Aoy, (7.1.3)
ni1+ns=n
[n1],|ne| <N

by Holder’s inequality, where we have the condition |n4|, |ns| < N in the sum due
to the support of g, and

A= >0 W+ |l + e T] 190002

nit+no=n J=1
See that
2
Az =1 > oG+l + [no)llze T 1G(n)
ni+na=n j=1 123
2
o A | )
ni,na€Z2 j=1
=l (X ) (3 1)
n1€ZQ TLQGZQ
= [[¢llz: 191lz
S llgllzz- (7.1.4)
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So, it suffices to show

1Y [ + [ + [naf®) gz S N°. (7.1.5)

ni+no=n
[nil,|n2|<N

Let ¢ := 7 + |n4]? + |n2|? and gy > 0 be a small quantity dependent on & which
we will specify later. By the triangle inequality, we have

1D 1O legezze < 1Y 1O Ligznwo ez + 1Y [9(O)] Ligrenwollege e

ni1+ns=n ni1+no=n ni1+n2=n
[n1],|n2|<N [n1ln2| <N [n1l,|n2|] <N

We bound each term individually. If || 2 N®, then since ¢ € S;(R), it will
decay faster than any negative power of |(|, and so we can choose k > % to get

1
1D 1O teneollerrs S Y o s S 1 (7.1.6)
ni+ns=n n1€Z2?
[n1l,|n2|<N In1|<N

Otherwise, we have |¢(| < N®. Fix 7 and n. Notice that |ni|* + |no|?* = —7 +
O(N*®°). Since ny = n — ny, we can write

In1? + [no)? = [na* + [n — m|? = 2[na[* — 2nan + [n)? =
so we have
R:=|2n; — n|2 =27 — |n|2 + O(N*®°).

This means that there are O(N®°) many choices for R € Z. Moreover, since
Iny|,|n2| < N, we have |n| < N, and —7 + O(N®) = |nq|> + |n2)* < N2, so
|7| < N2, meaning that we also have |R| < N2.

Fix R satisfying the above. See that |2n; — n|? = R if and only if

2ny —n|R in Z[i] = 7%,

Thus, we apply Lemma 7.1.2 to find that there are O(R®) = O(N?*®*) choices for
2n; — n and consequently for n; since n is fixed. Finally, since there are O(N°)
choices for R, we have in total O(N3) many choices for (nj,ns) because n is
fixed. Therefore, we have

sup Z [¥(0)] licleneo S N3eo < N® (7.1.7)

T ni1+ns=n
Inil,|n2|<N

provided that we choose g < 5. Then, (7.1.6) and (7.1.7) imply (7.1.5), which,
together with (7.1.4) gives the desired result when substituted in (7.1.3). O

See also [16] for a proof of Proposition 7.1.1 using incidence geometry and a
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discussion on the implicit constant in the inequality. By the transference principle
(Lemma 5.2.1), we have the following corollary of Proposition 7.1.1:

Corollary 7.1.3. Let b > % and u € X%, Then, we have
1n(t) Penullns, oxrz) S N[ Penullxor (7.1.8)

for all € > 0.

Although the above is the desired Strichartz estimate in terms of the Fourier
restriction norm, we are faced with a derivative loss in the form of an extra N¢
factor. That is, we have a weaker estimate than the corresponding Strichartz
estimate in the one dimensional setting (6.1.5). As such, we cannot derive a non-
linear estimate in the same way to conclude the contraction mapping argument,
and the difficulty of the two dimensional case stems from the need to mitigate
this derivative loss. In this aim, we derive a series of estimates to improve (7.1.8)
qualitatively.

First, we seek improvement in terms of frequency localisation. Let @) be a
cube in R? and define the frequency projection operator Py by

Pof = 1g(n)f(n).

We have a second direct corollary of Proposition 7.1.1:

Corollary 7.1.4. Let € > 0 and f € L2(T?). The following estimate holds
In(t) SE) Foflles, oxrz) S QNP f Nl L2 (r2). (7.1.9)

Note that in (7.1.9) the bound does not depend on the centre of the cube @,
only its size. This means that () may be centred arbitrarily far away from the
origin while still retaining the same bound.

Proof (of Corollary 7.1.4). We do a direct computation. Let Q be a cube in R?
with centre ng. We may assume that ny € Z?2, since otherwise we can run the
same argument using a cube Q of side-length, say, 4 times the side-length of Q,
centred at the point 79 € Z? nearest to ng € R? \ Z2. Consider

S(t)Pof(x) =Y =" 14(n) f(n).

nez?

See that n = k + ng for some k € () — ng, which is a cube centred at the origin.
Then, |n|? = |ng|? + 2ng - k + |k|?. So, we write the exponential in the above sum
as

ei(n~x—t|n|2) — (ein(yw e—it\n0|2) eik’-(m—?not) 6—it|k|2
Note that the first two factors of right-hand side above are independent of k. We
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can thus write

Int) S(t) Pofllss.

= [lemor e ol y(t) Y ettt e 1, (k) F(k 4 no) s
keZ?

= [ln(t) > e 20 =it 1 (k) Flk + o)z
keZ?

Let y := x — 2nyt. Then, the above becomes

~

In(t) S() Pofllss, = In(e) S = 16 (k) Flk + o)l

keZ?
= [In(t) e S(t) Po—no f(y) |l s,
= [In(t) S(t) Po-nge™ ™" f ()|,
S1Q = nol | Po—nee ™" fll L2 (2
= QI |Poflza(r2),

by Proposition 7.1.1. O

The transference principle (Lemma 5.2.1) implies that we also have the follow-
ing:
Corollary 7.1.5. Let b > 1 and u € X**. Then, we have

In(t) Poullrs, moxr2) S QI [Poullxo. (7.1.10)

for all e > 0.

The second improvement we seek is in regularity. So far, we are limited to
b > % However, to conduct a duality argument in proving the nonlinear estimate,

we hope to pass to the space X272 We achieve this by interpolating (7.1.10)
against the low-regularity estimate below:

Lemma 7.1.6. Let QQ be a cube in R%. We have
1

In(t) Poullzs moxr2) S QI [Poull yo.1- (7.1.11)

Proof. We may translate Bernstein’s inequality (2.1.1) to a result replacing P<y

and N¢ by Py and |Q|, respectively, using arguments similar to the proof of
Corollary 7.1.4. Applying this result (in x), we have that

11
In(t) Poullrs, S 1Q127* | Poullrirs
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for any ¢. The Sobolev inequality (2.0.1) (in ¢) gives

1
[1Pqullzsrs < 11{00* Poullzz,
1 =
= [{7)* Poullez 2
S+ [n?)t Poulle 2
= [1Pqull o
since sup,,c¢ |n|*> < 1 and any n ¢ Q does not contribute to the £2 norm due to the
support of Pou. Combining the two inequalities yields the desired estimate. [
Interpolating (7.1.10) and (7.1.11) using Riesz—Thorin interpolation (Lemma
2.0.2), we obtain

_ o
Hﬁ(t) PQuHLﬁz(Rtx’ﬂ‘%) S ’Q|(1 ferta ”PQUHXO,(l—a)b-s-;’}

for b> 3,61 >0,and 0 <0 < 1. Let g := (1 — 0)e; + g. By choosing ¢; and 6
small enough, we can make g( arbitrarily small, while ensuring that (1 —H)b—i-% < %
by choosing b close enough to % Thus, we have the following lemma:

Lemma 7.1.7. Lete > 0 and u € X372 Then,
In(t) Poullzs moxr2) S 1QI° 1 Poull o3 - (7.1.12)

for any go(e) > 0.

Although there is still a small derivative loss, the above lemma will be sufficient
to prove the nonlinear estimate.
7.2 Contraction mapping argument

Recall the solution map

Lo (w) :=n(t) S(t)ug F in <%> /0 St — ) |ul*u(t) dt’.

Since [0,t] C [—1, 1], we may write

Puo () = 0(t) S(t)uo T n(%) | sttty Puce) .

So, to obtain Theorem 1.0.2, it suffices to show the following nonlinear estimate:

Proposition 7.2.1 (Nonlinear estimate in T? [3]). Let s > 0, and suppose
1
Up, Uz, uz € X527 We have

3

||T](t) ulu_?u?)”Xs,f%Jrk 5 H ||uj||Xs,%+e (721)
j=1
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forallO<5§1i6.

Sadly, the nonlinear estimate on T? does not hold when s = 0. The culprit is
the derivative loss in the Strichartz estimate (7.1.12). This means that we fall just
short of obtaining a local well-posedness result in the critical regularity setting.
The local well-posedness of the cubic NLS on L?*(T?) is still an open problem. We
will discuss some related results in Chapter 8.

Proof (of Proposition 7.2.1). We begin the same way as in the proof of Proposi-
tion 6.2.1. See that, by duality we have

1n(8) witigus|| .. - ysae = [1(V)* 0(E) (rtaus)| o g v

//MQ (V)*n(t) (uitgus)us dx dt|.

= sup
Ug =1
fusll o1 s

Fix uy with [Jusl 01 -.. = 1. We perform a dyadic decomposition of u; for j =
1,2,3,4. Write

U; = E PN].’LLJ'.

N;>1
dyadic

Then, we have

’ //me)s n(t) (urTizus) s do dt‘

<

N1,N2,N3,Ns>1
dyadic

// (V)°n(t) (Pn,u1 Pnyus Pyyus) Py, ug d dt|.
RxT?

Notice that directly applying Holder’s inequality along with the Strichartz esti-
mate (7.1.8) does not give the desired bound (7.2.1). In particular, (7.1.8) does
not hold when b < %, meaning that we cannot evaluate the supremum as directly.
More problematically, the derivative loss makes recovering the full norm from a
frequency decomposition of the left-hand side of (7.2.1) impossible. On the other
hand, the estimate (7.1.12) is enough to resolve these issues.

Fix some Ny, No, N3, Ny. Let Nyay := max{ Ny, No, N3, N;}, and assume with-
out loss of generality that N; > Ny > N3. Throughout this proof, when comparing
the N; to any quantity, we will be using the symbols ~ and < as outlined in Re-
mark 2.1.1. See that

‘// 2<V>S n(t) (Pn, w1 Pynyua Pyyus) P, ug dz dt‘
RxT

4
// n(t) H Pyuj dz dt
RxT?

J=1

I

S./ Nlil ax
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where PN].U;f = Pn;u; if j is odd and PNju;f = Pn,u; if j is even. Moreover,

[0 T dxdtl

7=1
=|J] o0 S i) Ed o) ) e s
RX’H‘2

‘nJ|~N

which vanishes except for when ny; — ny + ns — ngy = 0. Under this restriction, we
have either Ny ~ N1 ~ Ny or Npyax ~ N1 ~ Ny > Ny ~ N3. Thus, it suffices to
show that

3
> owulf HPNu drdt] S T[Msll gy and (722
Ni~No, N3, Na>1 RXTZ =1
dyadic
4 3
S [ 0T Psgaral sThlye @23
N1~Ng,Na,N3>1 RxT? =1 =1
dyadic

o Case 1: Npux ~ Ny ~ Ns.

Let n; be cutoff functions such that szl n; = n. Notice that by Holder’s
inequality and the Strichartz estimate (7.1.12) we have

’// HPN u d:cdt’ < H In;(£) Prvyusl 1,
RXT2

4
S HN]'EO HPN]-UJ‘HXO 1-2
7=1
4 3

S H N3 H Hujuxo,%fza
j=1 j=1

since ||u4HX0,%_25 = 1, for some gy > 0 we will specify later. Thus,

// Nju; dx dt‘
RXT2 j_l

S ) N HNeo H I o.p e

Ni~N2,N3,Ns>1
dyadic

max
1

NlNNZ N3 Ny>
dya ic
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Notice that N5 < NZNZ, and so

max

4
2+e0 rr5+€0 2+2e0 5, 5t¢0
s €0 2 2 €0 \JE€O 2 2 €0
Niae [T Ve S NEFONFYONG NG S NN NG,

max
J=1

Choosing ¢ > 0 small enough such that § + 3gq < s, we get

5+eo

§+260N 5
2

Ny N S Ny N3 N3,

€0
. — _ 4 -
and since Ny = ~ N2 <[, N; *, we have

max

1 _fo
N{TN;N; < NyNsN; [,

j=1
As a result, we have that
> Mo

N1~N2,N3,Ny>1
dyadic

4
n(t Pju*da:dt‘
//]RX’JI‘Q ()]1:[1 i

AN

4 e 3
Z HNJ ‘ HNJS HujHXO,%72£
j=1

N1~N2,N3,Ns>1 j=1
dyadic

3 4
_%0
4
S Tl ey > IR
Jj=1 N1~N2,N3,Ns>1 j=1
dyadic

S Tl ey e

-

<

which is exactly (7.2.2).
e Case 2: Npax ~ Ny~ Ny > N,.

Since we must eliminate the norm [luy|[ o 1 »., we cannot have any derivative
loss in the form of a Nj factor. This was not an issue in the previous case, but
here, if we were to follow the same argument, we would not be able to create a
N{ " factor to ensure summability in /V; in the last step. Our remedy comes from
the restriction n; —no +mn3 —mny = 0, since it means that we have ny = ny +O(N3).
That is, although N, is large, ny only varies a relatively small amount from n;.
The Strichartz estimate (7.1.12) allows us to take advantage of this localisation.

Consider the annuli A; := {n; € Z* : |n;| ~ N,} for j = 1,4. We may find
finite collections of cubes @} and Q; with |Q}| = |Q%| ~ N3 for all j, k, such that

A C L_JQ]1 and Ay QUQ?
J k
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In particular, if we fix some n; and j such that n; € le-, then there can only be
O(1) many choices for k such that ny € Q} since ny = ny + O(N,). Figure 7.1
illustrates this situation.

Radius ~ N,

4 4,

Figure 7.1: The annuli Ay, A4, along with the locations of the frequencies ny, ny
for some j.

For fixed Ny, Ny, N3, N4, we can write
PNlul = PQ1PN1u1 and PN4’LL4 = PQ%PN4U4
J

for some 7, k, and so we have
4
//RX1r2 n(t) }:[1 Py,uj dx dt'
< Npax DD
ik

3
< N D D P Pyvyuallcs 1 Pos Prueallzy, T T I Pwoellzs,
J ok =2

S
Nm ax

ﬂ T](t) (PleNlul) (PQiPN4u4) PN2u2 PN3u3 dx dt
Rx T2 !

3
S N D N5 1P Pyt || o 3 -2 N5° [ Pgg Pvstiall oy o | [ N 1 Prvsttell o g
3, k() =2

by Holder’s inequality and the Strichartz estimate (7.1.12), since |Qj| = [Q}] ~
N2. Choosing g9 > 0 such that 4g5 < s, we get NJ°N5® < N3 N;~°°. Further
note that N2__ < N7. Thus, we have

max ~v

//]RXTz n(t) ﬁ Py,u; dx dt‘

J=1

S
Nm ax

3
Xs,%72e ||PQgPN4U'4||XO,%72s H ||U’f|
(=2

Xs,%72s

5 N2_50N3—€0 Z Z ||PQ]1PN1U1|
7 k
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since. NJ (| Pyyuell oo S [[Pwyttel] oo for £ = 1,2,3. Applying Cauchy-
Schwarz in the sum over j, we get

> > PPy,
7 k
< (S 1Py
J
2
S 1Pl g o (0 1P Pl .
i k

We may write the double sum on the right as a sum over all k£ with j = j(k)
dependent on k instead. Since for a given k, there are O(1) choices for j, we have

E E | Po1 P, s
J
k

J

X %726||PQiPN4u4||XO,%725

1
2 2
i) (S 1Pl )
k

J

Xs,%f%: ||PQiPN4U4||X0,%725

1
2

< 1Pytnll oo (Z > Irg Pl

ko k)
< ”PNl —2e ||PN4U4HX0 l7257
meaning that
N o« // Py, u; dxdt‘
RX'H‘2

—1
3

<N EON €O“‘PNl -2 ||PN4U4||XO —QSHHUKHXS L2+

Similar to the previous case, we use the N, *° to sum over N, N3, and as such we

get
// Py; u; *dx dt'
R><11‘2 1

Jj=
Z ||PN1

f=2 N1 ~Ny>1
dyadic

max

N1~N4 Na,N3>1
dyadic

3

o || Prvgtiall o

Since Ny ~ Ny, we may write Ny, = 2™N; with |m| < 3, thus given Ny, there are
O(1) choices for Ny. As such, by an application of Cauchy—Schwarz similar to
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earlier, we receive

E : s
Nmax
N1~N4,N2,N3>1
dyadic

4
// n(t) H Pyuj dx dt‘
RxT? j=1

S H s o2 U4HX0,%725 N H I

j=1 j=1

Xs,%«l»s?

which is exactly (7.2.3). O

Using the nonlinear estimate (7.2.1), one may conclude the contraction map-
ping argument in the same way as in Chapter 6.2, this time with s > 0, and
receive that the cubic NLS is locally well-posed in H*(T?). This proves Theorem
1.0.2.
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Chapter 8

Conclusion

We conclude by remarking on results following Bourgain’s 1993 paper [3]. We
first consider results regarding the one-dimensional cubic NLS. In Chapter 6 we
proved the local well-posedness of the cubic NLS on H*(T) for s > 0, which
was originally shown in [3]. This result is sharp, and solutions do not exist when
s € (—%,0). On the other hand, in this low regularity setting, one may renormalise
the cubic NLS via a gauge transform to obtain the Wick ordered cubic NLS
whose solutions exist in local time. These existence and non-existence results
can be found in [12]. Proving local well-posedness for the Wick ordered cubic
NLS in H*(T) for s € (—g,0) is an open problem. In contrast, the cubic NLS
is globally well-posed in H*(R) for any s > —%, which was proven with non-
harmonic analytic methods, using complete integrability in [14]. For critical and
supercritical regularity s < —% when d = 1 and for s < 0 when d > 2, the
cubic NLS is ill-posed on H*(M?) with M = R or T since the solution map is
discontinuous everywhere in H*(M?), see [25].

In two dimensions, we showed in Chapter 4 that the cubic NLS in L*(R?) is
locally well-posed in the L*-critical sense and globally well-posed for small initial
data. Global well-posedness of the cubic NLS in L?(IR?) for arbitrary initial data
was shown in [7]. This is the critical regularity case s = s, = 0. Combined with the
supercritical ill-posedness result above in [25] (see also [22] and the preprint [4]),
this provides a full scope of results concerning the cubic NLS on R?. In Chapter
7, we proved Bourgain’s [3] result from 1993 that the cubic NLS is locally well-
posed in H*(T?) for s > 0. The problem of proving local well-posedness of the
cubic NLS on L?*(T?) is still open. Global well-posedness of the cubic NLS on
H*#(T?) in the subcritical setting s > 0 was proven for small initial data recently
in 2024 by Herr-Kwak [16] by improving on [3] using incidence geometry, and they
further relaxed the small initial data requirement to obtain general well-posedness
for arbitrarily large initial data for the defocusing regime and for data below the
ground state threshold in the focusing regime, in the 2025 preprint [15].
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